Abstract. It is well known that, from the Newtonian point of view, the Lagrangian point L4 in the circular restricted three body is stable if µ < 1 18 (9 − √ 19) ≈ 0.03852. In this paper we will provide a formula that allows us to compute the eigenvalues of the matrix that determines the stability of the equilibrium points of a family of ordinary differential equations. As an application we will show that, under the relativistic framework, the Lagrangian point L4 is also stable for the Sun-Earth system. Similar arguments show the stability for L4 not only for the Sun-Earth system but for systems coming from a range of values for µ similar to those in the Newtonian restricted three body problem.
Introduction
Let us consider a circular solution of the two body problem. Let us assume that these two bodies have masses m 1 and m 2 and let us call them primaries bodies. The study of the motion of a third body with mass m 3 that moves under the effect of the gravitational force produced by the primary bodies, under the condition that the mass m 3 is so small that it does not affect the motion of the primaries, is known as the circular restricted three body problem (Circular RTBP). We assume that the m 2 ≤ m 1 and we define µ = m 2 m 1 +m 2 ≤ 1/2. Lagrangian points can be viewed as possible motions with the property that the distance of the body with mass m 3 to the primaries is constant. There are 5 possible motions and they are denoted by L 1 , L 2 , L 3 , L 4 and L 5 . For the motions L 1 , L 2 , L 3 the three bodies stay in the same line. For the motions L 4 and L 5 , the three bodies alway lie on the vertices of an equilateral triangle.
After doing a change of coordinates by considering a rotating frame (see section 2), we can see that the Lagrangian points are the equilibrium points of an ordinary differential equation and they are found by solving a system of two equations with two variables. Even though this system is not trivial, we can find formulas for the solution, this is, we have exact expressions for the solutions. Having this exact formula for the Lagrangian points allows to show that the points L 1 , L 2 , L 3 are always unstable and L 4 and L 5 are stable for values of µ < 1 18 (9 − √ 19).
When we consider the problem under the relativistic point of view the situation is very similar in nature, in the sense that the Lagrangian points are the equilibrium points of an ordinary differential equation and they are found by solving a system of two equations with two variables. The difference is that the solution of the system may not have an exact analytical expression, even the existence of the solution can be questioned mathematically. So far the Lagrange points under the relativistic point of view have been studied by first approximating the solution under the assumption that this solution exists, and the stability of this equilibrium points have been studied by approximating the characteristic polynomial that produces the eigenvalues that determines the stability of the equilibrium point. For this reason it is not surprising that some papers states that the relativistic equilibrium point L 4 is unstable for all values of µ ( [2] ) and others ( [1] and [4] ) states that this point is stable for values of µ close to those obtained in the Newtonian case.
For the reasons explained above we have that in order to mathematically establish the stability of the Lagrangian points under relativistic framework we need to solve the following questions/difficulties:
(1) Can we show that the system of two equations with two variables that defines the Lagrangian points has solutions? These equations are displayed on page 273 of the paper [2] . And, if there are solutions, can we find a closed expression for them? (2) The stability of L 4 in the Newtonian case is proven by showing that the eigenvalues of a 4 by 4 matrix are complex numbers with zero real part. In order to prove the stability of L 4 in the relativistic case we need to prove that these eigenvalues also have real part equal to zero. The set of complex numbers with zero real part (a line) is a set with measure zero and therefore no rounding can be done to show that a complex number has zero real part.
Here is the second question: how to prove, without having an exact expression for the equilibrium points, that these eigenvalues in the relativistic case have zero real part?
The main contribution of this paper is related with the second numeral presented above. We provide an exact analytical expression for the characteristic polynomial of the matrix that determines the stability of L 4 , see Theorem 5.1. This analytic expression is obtained by assuming that the matrix is evaluated at the exact solution of the system of equations that determines L 4 .
The second result in our paper has to do with the numeral one presented above. In section 4 we will prove the existence of the point L 4 for the Earth-Sun system using the Poincare-Miranda Theorem. Regarding this section the author wants to apologize for using quotient of integers instead of decimals. The reason for doing so is that software like Wolfram Mathematica can work with infinity precision (no roundoff error) when rational numbers are used instead of decimals. A decimal approximation will be placed in front of every quotient of two integers with the intension of giving an idea of what each number is located in the real line.
The With the intension to set up notation for the change of units and to get familiar with the terminology, section 2 explains the Newtonian case. Section 3 displays the ODE for the relativistic case. Section 4 proves mathematically the existence of L 4 for the relativistic RTBP for the Sun-Earth system. Section 5 shows the Theorem that allows us to compute without rounding the characteristic polynomial that provides the stability of L 4 . An important aspect of this formula is that it mathematically shows that this polynomial has the form λ 4 + a 1 λ 2 + a 2 . This is not obvious. For example, the reason the paper [2] shows the instability of the point L 4 for all the range of µ is because the method used to obtain the characteristic polynomial leads the authors to an expression of the form
with b 2 and b 4 different form zero. See [2] page 277.
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Circular solutions of the two body problem and changing units
Let us consider two bodies, (the primaries), with masses m 1 Kg and m 2 Kg moving in the space with positions x and y. Let us take the gravitational constant to be equal to G = 6.67384 * 10 −11 m 3 Kg −1 s −2 . It is easy to check that for a given positive number a, the functions
s −1 satisfy the two body problem ODË
This solution satisfies that the distance between the two bodies is always a meters and moreover, both motions are periodic since they complete a revolution after T = s. Notice that using the units ut and ud we have that the distance between the two bodies is 1ud and the period of the motion is 2π ut. We also have that the gravitation constant is 1 ud 3 um −1 ut −2 . We point out that the speed of light is
If we denote by µ = m 2 m 1 +m 2 and we work in the new units ut, um, ud, then the mass of the first and second body are 1 − µ and µ and the motion of the primaries are given by
Moreover, if a third body with position z(t) and neglecting mass compared with m 1 and m 2 moves under the influence of the gravitational force of the primaries, then z satisfiesz
A direct computation shows that if we take
where,
2 is a solution of the system of equations (2.4) . This equilibrium point (
2 ) is known as the Lagrangian point L 4 . In order to analyze the stability of L 4 we consider the function
as a function of the variables φ = (ξ,ξ, η,η). It is easy to check that the ODE (2. 2 ) and three more of the form (ξ 1 , 0), (ξ 2 , 0) and (ξ 3 , 0) usually labeled as the Lagrangian points L 1 , L 2 and L 3 . A similar analysis to the one that we just did for L 4 can be done for the other Lagrange points to conclude that L 5 is also linear stable for the same range of the parameter µ and, L 1 , L 2 and L 3 are linearly unstable.
3. The ODE in the relativistic case:
In the relativistic case, the equation of the motion for the restricted three body problem are very similar to the one given by Equation (2.4). It takes the form (see Brumberg, 1972, [3] and Bhatnagar [2] )
The system of equations. The equilibrium points of the system of differential equations given by (3.1) are the solutions of the system f = 0 and g = 0 where f = 
10
≈ 10065.3
We will prove the existence of the relativistic point L 4 for the Earth-Sun system. This is, we will prove the existence of a point (ξ 0 , η 0 ) that is within a close to the point (
2 ) that satisfies the equation f (ξ 0 , η 0 ) = 0 and g(ξ 0 , η 0 ) = 0 (4.1)
In order to prove the existence of (ξ 0 , η 0 ), let us consider the following five points And let β 1 be the line that connects P 2 with P 1 , β 2 be the line that connect P 4 with P 3 , β 3 be the line that connect P 3 with P 1 and β 4 be the line that connect P 4 with P 2 . More precisely,
Theorem 4.1. There exists a solution of the system of equations f = 0 and g = 0 inside the rectangle delimited by the union of the curves β 1 , β 2 , β 3 and β 4 . Moreover, we have that the first six significant digits of the functions evaluated at the points Z 0 , P 1 , P 2 , P 3 and P 4 are given by We also have that g > 0 on β 1 , g < 0 on β 2 , f > 0 on β 3 and f < 0 on β 4 . As a consequence of the Poincare-Miranda Theorem we conclude that there exists a point P 0 = (ξ 0 , η 0 ) inside the region bounded by the four curves β i such that f (P 0 ) = g(P 0 ) = 0.
Proof. The proof to the theorem relies on the fact that we have an exact expression (an analytic expression) for f and g and the fact that programs like Mathematica allow us to precisely compute any desired amount of real digits of an exact expression. In order to obtain these digits, it is required that we work with exact numbers, that is the reason we decided to use rational numbers and not decimals. The computation for the values of the functions f and g were obtained by using the command RealDigits[f (P i ), 10, 6] and RealDigits[g(P i ), 10, 6] form the program Wolfram Mathematica 10. It is not difficult to check that the directional derivative of g along the velocity of the curves β 1 and β 2 does not change sign, they both are approximately 1.29903, and also, the directional derivative of f along the curves β 3 and β 4 does not change sign, they both are approximately 1.29903. Then, we conclude that the function g is monotonic along β 1 and β 2 , this fact along with the values of g at the endpoints allows to prove that g is positive on β 1 and negative on β 2 . A similar arguments holds for the function f . This concludes the proof of the theorem.
Exact expression for the characteristic polynomial at the equilibrium points
The following theorem provides an expression for the characteristic polynomial of a system of the type given by the relativistic three body problem.
Theorem 5.1. Let us consider the potential U = U (x,ẋ, y,ẏ) and let us consider the following system of ODË
where k is a constant. If L 0 = (x 0 , y 0 ) is an equilibrium point of the system above and d = 1+
is not zero atL 0 = (x 0 , 0, y 0 , 0), then, the characteristic polynomial of the matrix that describes the linearization of the ODE at L 0 is given by
Proof. The ODE in this theorem can be reducee to the first order ODEφ = F (φ) with φ = (x,ẋ, y,ẏ) and
where the functions F 2 and F 4 are given as the solution, nearL 0 = (x 0 , 0, y 0 , 0), of the system of equations
Recall that we have that
If we compute the partial derivative with respect to x to the system of equations above and we evaluate atL 0 , we get the following system of equation
This is a linear system on F 2x and F 4x with solution solution satisfying,
Likewise we can obtain expression for F 2y and F 4y and for F 2ẋ , gẋ and finally for F 2ẏ , F 4ẏ evaluated at the pointL 0 . The theorem follow after replacing these expression for the partial derivative of the functions F 2 and F 4 into the characteristic polynomial of the matrix ) for the relativistic point L 4 , (see [2] ), due to the fact they only provides an approximation of the coordinates for L 4 and as we pointed out before, not approximation will provide a proof that the eigenvalues have norm exactly 1.
Once we have shown that the coefficients for λ and λ 3 are zero at the equilibrium point is is somehow easier to check the stability. The next proposition Proof. Since the eigenvalues at the equilibrium point (x 0 , y 0 ) satisfies the equation λ 4 + a 1 λ 2 + a 2 = 0 then, we obtain that either
Then, it follows, in either case, λ 2 is a real negative number. Therefore the real part of the eigenvalues are zero and the proposition follows. . In order to prove these inequalities we have used the method of Lagrange multipliers. To make the computation easier we first find bound for the expression d defined in Theorem 5.1. In this case a direct verification shows that d lies between 1.000000078898 and 1.000000079175. The bounds above allow us to easily obtain bounds for a 1 and a 2 once we obtain bounds for the functions a 1 d and a 2 d. The expressions for a 1 d and a 2 d are explicitly given in Theorem 5.1. Both expressions are very long. In order to get the desired bounds, we expanded each one of them. It is not difficult to show that they can be written as linear combinations of expressions of the form The bounds above along with the bounds for d easy allow us to conclude the stability of the Lagrangian point L 4 for the Sun-Earth system. Remark 5.6. As we can see the values for a 2 are very small. Also it can be shown that a 2 d evaluated at (x, y) = (0.499997, 0.866025) is positive, it is about 0.0000171438 while, a 2 d evaluated at (x, y) = (0.499997, 0.866) is negative, it is about −0.0000177725. As a consequence we needed to be sharp with the bounds. Recall that if for a given equilibrium point, the value for a 2 d is not positive then this equilibrium point is not stable.
conclusion
We have used the Poincare-Miranda Theorem, the Lagrange Multiplier method, the help of a computer to be able to handle big expression and Theorem 5.1, to mathematically prove the stability of the point L 4 for the Earth-Sun system in the relativistic circular restrict three body problem.
